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Abstract
This paper is a further contribution to the classification of line-transitive finite linear
spaces. We prove that if S is a non-trivial finite linear space with the Fang-Li parameter
gcd(k, r) is 9 or 10, the group G ≤ Aut(S) is line-transitive and point-imprimitive, then
S is the Desarguesian projective plane PG(2, 9).
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1 Introduction
A finite linear space S is an incident structure (P,L) where P is a set of v points and
L is a set of b distinguished subsets of P called lines, such that any two points are incident
with exactly one line. A linear space S is said to be non-trivial if every line is incident with
at least 3 points and b ≥ 2.
An automorphism of S is a permutation of P which leaves the set L invariant. The
full automorphism group of S is denoted by Aut(S). Any subgroup of Aut(S) is called an
automorphism group of S. If a subgroup G of Aut(S) acts transitively on the set of points
(lines, flags), then we say that G is line-transitive (point-transitive, flag-transitive), where
a flag is an incident point-line pair (α, λ). Similarly, the automorphism group G is said to
be point-primitive (line-primitive) if it acts primitively on points (lines). If the sizes of all
lines are equal, then we say that S is a regular linear space. In this paper, we assume that
the automorphism group G ≤ Aut(S) is line-transitive. It follows that S is regular, and the
line size will be denoted by k. It is well-known that if G is line-transitive then it is also
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point-transitive([3]), and for a non-trivial regular linear space every point lies on the same
number r of lines.
In [2], the line-transitive point-imprimitive linear spaces with the Fang-Li parameter
gcd(k, r) ≤ 8 are classified. As an application, C. E. Praeger and S. L. Zhou [20] give the
classification of the line-transitive linear spaces with k ≤ 12, extending the Camina-Mischke’s
one in [5].
This paper is a continuation of [2]. We extended the classification of line-transitive poin-
imprimitive linear spaces with the Fang-Li parameter gcd(k, r) up to 10, and proved the
following result.
Theorem 1.1 Let S be a non-trivial finite linear space with v points and Fang-Li parameter
k(r) = 9 or 10. Assume that G ≤ Aut(S) is line-transitive and point-imprimitive. Then S
is the Desarguesian projective plane PG(2, 9).
The proof of Theorem 1.1 rely on the realize of the algorithms in [1] and the available
theory of finite line-transitive, point-imprimitive linear spaces in [2, 19, 20].
Combining Theorem 1.1 and [2, Theorem 1.2], we get the following.
Corollary 1.2 Suppose that S is a linear space admitting a line-transitive, point-imprimitive
subgroup of automorphisms, and with the Fang-Li parameter k(r) ≤ 10. Then S is the De-
sarguesian projective plane PG(2, 4), PG(2, 7) or PG(2, 9), or the Mills design or Colbourn-
McCalla design, both with (v, k) = (91, 6), or one of the 467 Nickel-Niemeyer-O’Keefe-
Penttila-Praeger designs with (v, k) = (729, 8).
The structure of the paper is as follows. Section 2 contains some parameters and our
hypotheses, Section 3 gives some elementary results on linear spaces which will be frequently
used in the proof of our result. In Section 4, we used and realized the algorithms in [1] to
produce a list of potential parameters and some group theoretic information for k(r) = 9 or
10. We then made a detailed analysis of each of these potential parameters in Sections 5
and 6.
2 Definitions and Hypothesis
In this paper, we use the following definitions, notation and hypothesis.
2.1 Dlandtsheer-Doyen parameters
If G acts point-imprimitively on P, then P has a non-trivial partition of imprimitivity.
Let C = {C1, C2, · · · , Cd} be the partition where |Ci| = c for all 1 ≤ i ≤ d, so that v = cd.
Then there exist two positive integers x, y, such that
c =
(
k
2
)− x
y
and d =
(
k
2
)− y
x
,
where x is the number of inner pairs on a line ([11]). Here c, d, x, y are called the Dlandtsheer-
Doyen parameters.
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2.2 Fang-Li parameters
Let v, b, k be the parameters of S = (P,L), and r = v−1
k−1
is the number of lines incident
with a given point which is independent of the choice of point by the line-transitivity. Define
k(v) = gcd(k, v), k(r) = gcd(k, r), b(v) = gcd(b, v), b(r) = gcd(b, r).
Then
b = b(v)b(r), k = k(v)k(r), v = b(v)k(v), r = k(r)b(r).
Clearly, k(r) = k/ gcd(k, v) = gcd(k, v − 1). Here k(v), k(r), b(v), b(r) are called the Fang-Li
parameters ([15]).
2.3 Top and Bottom groups
Let C ∈ C, GC be the transitive permutation group on C induced by G, then GC = G/G(C)
and it is called the top group([1]). Similarly, define the bottom group GC = GC/G(C) ([1]),
which is the transitive group induced by G on C ∈ C. Moreover, GC is independent of the
choice of C in C up to permutation isomorphism. For partitions C,C′ of P, C refines C′ if
every class of C is contained in a class of C′, and this refinement is strict if C 6= C′. We also
say that C′ is coarser or strictly coarser than C. We call a partition minimal if it has no
non-trivial strict refinement, maximal if the only G-invariant partition of P that is strictly
coarser than C is the trivial partition {P} with only one class. If a partition C of P is both
maximal and minimal, then we call G 2-step imprimitive relative to C, in this case, both GC
and GC are primitive. So if G is 2-step imprimitive then GC and GC are primitive groups of
degree d and c respectively. Relying on the classification of primitive groups of degree less
than 4096 (cf. [8, 13, 21]), if c ≤ 4096 then we know the structure of the bottom group,
similarly for d and the top group. This will be frequently used in Sections 5 and 6.
If the subgroup G(C) is transitive on each class of C, then we say that the partition
C is G-normal. By [7], we know that if G is a line-transitive point-imprimitive group of
automorphisms of a linear space, then either
(i) there exists a non-trivial G-normal point-partition; or
(ii) G is point-quasiprimitive and almost simple.
Recall that a finite permutation groupG is quasiprimitive if every nontrivial normal subgroup
of G is transitive. Equivalently, G is quasiprimitive if every minimal normal subgroup of G
is transitive (since overgroups of transitive groups are transitive).
2.4 Intersection type and tmax
The intersection type and tmax will play an important role in our discussion. We give
their definitions in the following.
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Definition 2.1 ([10]) Let S be a linear space, λ ∈ L. Define
di = |C ∈ C : |C ∩ λ| = i|,
and
(0d0, 1d1 , · · · , kdk)
to be the intersection type of S.
We let the set of non-zero intersection sizes
Spec(S) := {i > 0 : di 6= 0}.
is the spectrum of S. Since the transitivity of G on L, the intersection type and spectrum
are independent of the choice of λ. We sometimes write SpecC(S) if we need to specify the
partition C. Since d0 = d −
∑k
i=1 di, then it does not matter to denote the intersection type
of S by (1d1 , · · · , kdk).
Definition 2.2 ([1]) For a given intersection type (1d1 , · · · , kdk), and non-empty subset
S ⊆ Spec(S), set d(S) =∑i∈S di. Define tmax to be the largest positive integer t such that,
for all S ⊆Spec(S), and all positive integers h ≤ min{t, d(S)},
h−1∏
j=0
(d− j) | b
h−1∏
j=0
(d(S)− j).
2.5 Group theory notations and Hypothesis
If C is G-normal, then let K = G(C), S = Soc(K), X = CG(K), and Y = CG(S) ([20]),
where Soc(G) denotes the socle of the group G, that is, the product of the minimal normal
subgroups of G. Throughout the paper we assume the following Hypotheses.
Hypothesis
Let S be a non-trivial finite linear space with v points and b lines, each of size k, and
with r lines through each point. Let G ≤ Aut(S) be line-transitive and point-imprimitive
such that C = {C1, C2, · · · , Cd} be a G-invariant partition of P with d classes of size c where
c > 1 and d > 1. Also S has the Delandtsheer-Doyen parameters c, d, x, y, the Fang-Li
parameters k(v), k(r), b(v), b(r), intersection type (1d1 , · · · , kdk), tmax, the subgroups K, S, X
and Y if C is G-normal defined as above.
3 Some Preliminary Results
The following lemma is essential for the proof of Theorem 1.1. So for the completeness,
we give a detailed proof here.
Lemma 3.1 [5, Lemma 5] Let G satisfy Hypothesis, p be a prime.
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(i) If p | |G(λ)|, and k2 − k + 1 > max(r + k − p+ 1, r), then p | |Gλ| for any line λ.
(ii) If p > k and k2−k+1 > r, then p | v or p | (v−1). Further if T is a Sylow p-subgroup
of G then |T | divides v or v − 1 respectively.
Proof: (i) Let p | |G(λ)| and P be a Sylow p-subgroup of Gλ for λ ∈ L. If p ∤ |Gλ|,
then P fixes λ point-wise. So if P fixes two points, it has to fix the unique line point-wise
containing the two points. If the set of fixed points F = FixP(P ) is the line λ, by [6, Lemma
3], we conclude that G is flag-transitive, a contradiction. Thus F has a structure of regular
linear space with line size k, therefore, k2 − k + 1 ≤ |F |. Furthermore, by [6, Lemma 1],
|F | ≤ max(k + r − p− 1, r), a desired contradiction.
(ii) Let P be a p-subgroup of G. If P ≤ Gλ for λ ∈ L. By (i) p | |Gλ|, but Gλ ≤ Sk, this is
impossible. Thus P = 1. Therefore , there is no p-subgroup fixing a line, then at most one
point is fixed by P , that is to say |T | divides v when it has no fixed point or v − 1 when it
has one fixed point on P. 
Note that if p | |Gλ|, (i) also holds.
For a primitive permutation group G, we call G is t-transitive if the integer t is the
maximal integer such that G is t-transitive.
Lemma 3.2 [1, Lemma 4.7] If GC is t-transitive then t ≤ tmax.
Lemma 3.3 [12, Proposition 2.6] Assume that the Hypothesis holds.
(i) The number b(r) divides each non-trivial subdegree of GC, and in particular, rank(GC) ≤
1 + δ.
(ii) The number b(r) divides each non-trivial subdegree of GC, and in particular, rank(GC) ≤
1 + γ.
(iii) Moreover, for α ∈ P, b(r) divides each non-trivial subdegree of GP and each orbit length
of Gα in λ ∈ L and α ∈ λ.
Lemma 3.4 Assume that the Hypothesis holds.
(i) [16, Proposition 3.6] If γ = 2, b(r) is odd and c is not a prime power, then GC is
2-transitive on C.
(ii) [16, Proposition 3.7] If δ = 2, b(r) is odd and d is a prime power, then GC is not
2-transitive on C.
Lemma 3.5 [6, Lemma 2] Assume that S = (P,L) is a non-trivial linear space admitting a
line-transitive automorphism group G. Let λ ∈ L and H ≤ Gλ such that, for F := FixP(H),
(i) 2 ≤ |F ∩ λ| < |F |, and
(ii) if K ≤ Gλ and |FixP(K) ∩ λ| ≥ 2, and H and K are conjugate in G, then H and K
are conjugate in Gλ.
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Then the deduced linear space S|F = (F,L|F ) has constant line size and NG(H) acts line-
transitively on S|F , where L|F = {λ ∩ F : λ ∈ L, |λ ∩ F | ≥ 2}.
Lemma 3.6 [1, Corollary 4.4] Assume that the Hypothesis holds. Let λ ∈ L and p be
a prime dividing |Gλ|. Let P be a Sylow p-subgroup of Gλ and F = FixP(P ). Suppose that
2 ≤ |F ∩ λ| < |F |.Then
(i) NG(P ) is line-transitive on D|F .
(ii) C|F = {C ∩ F : C ∈ C, C ∩ F 6= 0} is an NG(P )-invariant partition of F .
(iii) |F | = f · |C ∩ F | where f = |C|F |, C ∩ F ∈ C|F , and |C ∩ F | ≥ 3.
Lemma 3.7 [1, Theorem 6.1] Assume that the Hypothesis holds and that C is G-normal.
(i) If k > 2x + 3
2
+
√
4x− 7
4
, then G(C) is semiregular on points and lines, |G(C)| = c is
odd, and d1 > 0.
(ii) If x ≤ 8, then G(C) has an abelian subgroup S of index at most 2 such that S is normal
in G, semiregular on points, and |S| = c is odd.
(iii) If either of the conditions of (i) or (ii) holds, and if C is minimal, then c is an odd
prime power and GC is affine.
Lemma 3.8 [20, Lemma 2.2] Assume that the Hypothesis hold and that C is G-normal
and minimal.
(a) Then C is the set of S-orbits in P and
(i) Either Y ∩K = 1, or S is elementary abelian and Y ∩K = S.
(ii) Either X ∩K = 1, or S is elementary abelian. and X ∩K = K = S.
(b) Suppose in addition that C is maximal, that Y ∩ K = S 6= Y , and that one of the
following conditions holds.
Condition Soc(GC) Extra Property
1 abelian gcd(c, d) = 1
2 non-abelian Schur multiplier of a minimal normal subgroup
of GC has no section isomorphic to S
Then G has a normal subgroup M = T × S where T is a minimal normal subgroup of
G and T C is minimal normal in GC. Moreover either
(i) T is non-abelian and transitive on P, or
(ii) the set C′ of T -orbits in P is a G-normal partition of P with |C′| = c such that
for C ∈ C and C ′ ∈ C′, |C ′| = d and |C ∩ C ′| = 1. Moreover either M is regular
on P or T is not semiregular on P.
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4 Computing parameters
Assuming the Hypothesis holds with k(r) = 9 or 10, we get totally 304 potential pa-
rameter sets (called Lines)
(d, c, x, y, γ, δ, k(v), k(r), b(v), b(r), intersection type, tmax),
by applying Algorithms 1 and 2 in [1] which implemented in GAP([14]). For each Line,
there is no other partition of P which is neither a strict refinement nor strict coarser than
C, so the automorphism group is 2-step imprimitive relative to C.
In Section 5, we deal with 33 Lines with k(r) = 9 listed in Table 1. In Section 6 the
remaining 271 Lines which listed in Table 2.
In Table 1 and Table 2, we renumber these Lines, called Cases, according to the different
parameters
(d, c, x, y, γ, δ, k(v), k(r), b(v), b(r))
other than the intersection type, so there are 11 Cases in Table 1 and 106 Cases in Table
2 needed to analysis.
It is worth mentioning that among the computation of the intersection types, we modified
the algorithm by adding the restrictive condition αi
gcd(α,β)
|d′i of [1, Prop 4.5(vi)].
5 The case where k(r) = 10
Proposition 5.1 Let S be a non-trivial finite linear space with v points and Fang-Li parame-
ter k(r) = 10. Assume that S has a subgroup G of automorphism group which is line-transitive
and point-imprimitive. Then S is the Desarguesian projective plane PG(2, 9).
Proof. We deal with 11 Cases in Table 1 case by case.
Cases 1 and 3-5: In each of these Cases, k = 10. Recall that [20] classified the linear
spaces with line size at most 12, so by [20, Theorem 1.1], if Case 1 or 4 holds, then S is the
Desarguesian projective plane PG(2, 9), and Cases 3, 5 can not occur by [9].
Case 2: Assume Case 2 holds, then Soc(GC) is PSL(2, 27), or A129. It follows that there
exists a prime p = 127 | |GC |, and so 127 | |G|, we also have p > k = 30, k2 − k + 1 > r,
however p ∤ v(v − 1) = 23 · 33 · 5 · 29 · 43, contradicts Lemma 3.1. Similarly, Case 8 can
not occur, because here Soc(GC) is PSL(2, 27), or A129, and there exists a prime p = 127
satisfying the conditions of Lemma 3.1(ii) but p ∤ v(v − 1).
Cases 7, 10 and 11: Since k2 − k+ 1 > r, and there exists a prime p > k which is listed
in Table 1, such that p | |G|, but p ∤ v(v − 1), a contradiction. In Table 1, the symbol (T, p)
or (B, p) denotes the contradiction by the Top or Bottom group and the prime p such that
p divides the order of the top or bottom group but p does not divides v(v − 1).
Cases 6 and 9: (a) For each Case, the partition C is G-normal, K is semiregular.
For Case 6, suppose first that G is point-quasiprimitive and almost simple, then GC ∼= G
is an almost simple primitive group of degree 49. As G is point-transitive additionally, we
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have that v | |G|. Hence G ≥ A49. But here tmax = 1, contradicting Lemma 3.2. So C is
G-normal relative to K. If K is not semiregular, as d1 ·d2 = 14×7 in Line 20 and 28×7 > 0
in Line 21, by [19, Corollary 4.2] and [19, Lemma 5.1], we have
1 +
r
k
d1(d1 − 1) ≤ |FixP(Kα)| ≤ d,
it follows that d1 ≤ 1. This is a contradiction because d1 = 14 or 28 in this Case. Thus K
is semiregular, and K ✂GC , then K is the unique soluble minimal regular normal subgroup
of primitive group GC , so K = Z213, and Y ∩K = K = S,G/Y ≤ Aut(S) = GL(2, 13).
For Case 9, suppose that G is quasiprimitive and almost simple, then G ∼= GC is an
almost simple primitive group of degree 169. Since in Case 9, tmax = 2, G is at most two
transitive. However, checked by GAP([14]), we know that there is no such group satisfying
the conditions. Thus the partition C is G-normal relative to K. Moreover, in Case 9, k = 70
and x = 14, so we have that
k > 2x+
3
2
+
√
4x− 7
4
=
59 +
√
217
2
,
hence by Lemma 3.7, K is semiregular, and G is affine. ThereforeK = Z27 , K = S = Y ∩K =
Soc(GC), G/Y ≤ Aut(S) = GL(2, 7).
(b) Case 9 can not occur.
Suppose Y C = 1, then Y = Y ∩K = S, Y ≤ K, hence |GC| = |G/K| | |G/Y |. It follows
that d = 169 | (72−1)(72−7), a contradiction. So, by [20, Lemma 2.1], there exists a normal
subgroup M of G, such that S < M ≤ Y,M/S ∼= MC is a minimal subgroup of GC, and
M = T × S.
(1) Soc(GC) = Z213, then M
C = Z213. In this case M is regular on point P, with a unique
Sylow 13-subgroup T = Z213, and T is regular on C. Since the intersection type is (1
42, 214),
all entries in the C-intersection type are at most 2, no element of S of order 7 fixes a line, for
if g ∈ S, o(g) = 7 and g ∈ Gλ for some λ ∈ L, then g fixes C ∩λ for any C ∈ C, particularly,
g fixes C ∩ λ for which |C ∩ λ| = 1, thus g has fixed points, contradicting the fact that
S is semiregular. Similarly there is no element of order 13 in T fixing a line. Hence M is
semirugular on S. So v | b. However, in Case 9, b
v
= b
(r)
k(v)
= 12
7
, a contradiction.
(2) Soc(GC) = A213 or PSL(3, 3)
2. Here Soc(GC) 6= A169 since tmax = 2. In this case MC
is nonabelian.
(2.1) Soc(GC) = A213. Then C = C1 × C2, C = {Cij | 1 ≤ i ≤ 13, 1 ≤ j ≤ 13}, A213 ≤
GC ≤ S13 ≀ S2 in product action. Soc(GC) acts on C as follow. Let (h1, h2) ∈ A213 ≤ GC,
and Cij ∈ C. Then C(h1,h2)ij = Cih1jh2 . Let P be a Sylow 11-subgroup of G. Since 11 ∤ b,
P ≤ Gλ for some λ ∈ L. Moreover, because 11 ∤ |GL(2, 7)|, then if P fixes some Cij setwise,
it must fix Cij piontwise. Hence FixP(P ) is a union of C-classes. Without loss generality, we
assume that P = 〈(1, 2, 3, · · · , 11)〉 × 〈(1, 2, 3, · · · , 11)〉, so FixC(P ) = {Cij|i, j = 12 or 13},
thus |FixC(P )| = 4. Furthermore, since the intersection type is (142, 214) and P ≤ Gλ, P
fixes setwise the 42 classes C such that |C ∩ λ| = 1 and the 14 classes C setwise such that
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|C∩λ| = 2. Since 42 ≡ 9 (mod 11) and 14 ≡ 3 (mod 11), thus P must fix at least 9+3 = 12
classes setwise, a contradiction.
(2.2) Soc(GC) = PSL(3, 3)2 and MC ∼= T C = T . For the Schur Multiplier of PSL(3, 3) is
trivial, by Lemma 3.8, either T is transitive on points or the set of T -orbits forms a G-normal
partition C′ satisfying Case 6. In the latter case, T must be abelian, a contradiction. Thus
T is transitive on P, then c | |T |, anther contradiction. Therefore Case 9 can not occur. In
Table 1 the symbol KSXY refers to the situation that the Case is ruled out by Lemma 3.8.
(c) Case 6 can not occur.
Suppose Y C = 1, then Y = Y ∩ K = S, Y ≤ K, hence |GC| = |G/K| | |G/Y | and so
|GC| | |GL(2, 7)|. Therefore d = 49 | (132−1)(132−13), a contradiction. By Lemma 3.8, there
exists a normal subgroupM of G, such that S < M ≤ Y,M/S ∼= MC,M = T×S, and either
T is transitive on P or T induces a G-normal partition of P with 169 parts of size 49. The
latter case can not occur because the corresponding Case, i.e., Case 9, has been ruled out in
(b). Thus T is transitive on P, then by Lemma 3.8 Soc(GC) = A27 or PSL(2, 7)2, and c | |T |.
So Soc(GC) = A27. As a result, C = C1×C2, C = {Cij | 1 ≤ i ≤ 7, 1 ≤ j ≤ 7}, A27 ≤ GC ≤ S7≀S2
in product action. Soc(GC) acts on C as follow. Let (h1, h2) ∈ A27 ≤ GC, Cij ∈ C. Then
C
(h1,h2)
ij = Cih1jh2 . Let P be a Sylow 5-subgroup of G. Since 5 ∤ b, P ≤ Gλ for some λ ∈ L.
Moreover, because 5 ∤ |GL(2, 13)|, then if P fixes some Cij setwise, it must fix Cij piontwise.
Hence FixP(P ) is a union of C-classes. We assume that P = 〈(12345)〉 × 〈(12345)〉, so
FixC(P ) = {Cij|i, j = 6 or 7}. Thus |FixC(P )| = 4. Since the intersection type is (114, 22, 314)
in Line 20 and (128, 27, 47) in Line 21, and P ≤ Gλ, similar to the proof of Case 9, we can
rule out these two possibilities.
This completes the proof of Proposition 5.1. 
6 The case where k(r) = 9
Proposition 6.1 There is no non-trivial line-transitive point-imprimitive finite linear space
S with the Fang-Li parameter k(r) is 9.
Proof. Suppose for the contrary that there are line-transitive point-imprimitive symmetric
designs with k(r) is 9. Then we need to deal with 106 Cases listed in Table 2. Here the
unstated notations in the last collum of Table 2 please refer to Table 1. We prove Proposition
6.1 in 7 steps.
Step 1. Rule out 66 Cases.
There are 6 Cases satisfing k ≤ 12 and ruled out by [20, Theorem 1.1], 54 Cases ruled
out by Lemma 3.1. For each of these 54 Cases, we have k2 − k + 1 > r and there exists a
prime p > k such that p | |G|, but p ∤ v(v− 1) which contracts Lemma 3.1. The prime p will
be listed in the last column of Table 2.
For Cases 86, 87, 89, 92, 104 and 105, we have GC ≥ Ad, but tmax = 1 or 2, a contra-
diction. The symbol (T, tmax) denotes this contradiction.
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Step 2. Cases 5, 38, 40, 59, 73, 91, 96 and 106 can not occur.
In Cases 40, 91 and 96, we have δ = 2. By Lemma 3.4, we know that GC is 2-transitive.
In Cases 5, 38, 59, 73 and 106, δ = 1, then by Lemma 3.3, GC is 2-transitive. Therefore,
by the classification theorem of 2-transitive permutation groups ([4, Theorem 5.3]), in each
Case we have that GC ≥ Ad. But tmax = 2, contradicting Lemma 3.2. Therefore these
Cases are ruled out. The symbol (δ, tmax) in Table 2 refers to this situation.
Step 3. Cases 10, 14, 17, 23, 29, 33, 34, 44, 46, 49, 50, 63 and 64 can not occur.
In Cases 10, 14 and 17, we have γ = 1, by Lemma 3.3, GC is 2-transitive. In Case 46,
γ = 2, and d is not a prime power, by Lemma 3.4, GC is 2-transitive. In Case 23, γ = 1,
by Lemma 3.3, GC is also 2-transitive. So by [4, Theorem 5.3], for every Case the bottom
group GC ≥ Ac.
For Cases 10, 14 and 19, we have k2 − k + 1 > r, and a prime p > k which is listed in
Table 2, with p | |GC |, but p ∤ v(v − 1), contradicting Lemma 3.1.
For any other Case, there is a prime p which is listed in Table 2, such that p divides |G|,
but does not divides b. Thus, in each Case, a Sylow p-subgroup P of G will fix some line
λ ∈ L. Let F = FixP(P ). For the line size k, let k1 to be the integer such that 0 ≤ k1 < k
and k ≡ k1 (mod p). In each Case k1 > 2 and (v − k) ∤ p guarantee that there is at least
one point which is not on λ fixed by P . Then by Lemma 3.5, F induces an linear space
S|F = (F,L|F ). For this subdesign, the number of the points v0 = |F | ≤ k + r − p− 1, the
line size k0 = |λ ∩ F | ≥ k1, since v0 − 1 ≥ k0(k0 − 1) ≥ k1(k1 − 1), then
k1(k1 − 1) ≤ k + r − p− 1.
But this inequality does not hold in every Case, the desired contradiction.
Step 4. Cases 22 and 30 can not occur.
Case 22: Since GC ≥ A1370 or PSL(2, 372). Let p = 1367, P ∈ Sylp(G). If GC ≥ A1370,
then as above paragraph, we can get the desired contradiction. So GC ≥ PSL(2, 372). Since
tmax = 1, we have G
C  A17798. For d = 17798 = 22×809, let p = 809, then G has an element
g of order 809. Suppose that g has at least one fixed point in C, then it has at least 809 fixed
points and q cycles of length p where q ≤ 21. By [22, Theorm 13.10], |FixC(g)| ≤ 4q − 4, a
contradiction. So g has no fixed point on C. Thus, by [17, Therom 1.1, Table 3], there is no
such primitive group, a contradiction.
Case 30: Since GC ≥ A1070 or PSL(2, 1069). Let p = 1063, P ∈ Sylp(G). If GC ≥ A1070,
similar to Step 3, we can get the desired contradiction. Thus GC ≥ PSL(2, 1069). Because
the prime p = 1069 ∤ d, there is a part C ∈ C, such that P ≤ GC , so PC < GC ≤
PGL(2, 1069). Since PGL(2, 1069) is sharply 3-transitive, the nontrivial subgroup PC can
fix at most 2 points of C. But according to Lemma 3.6, |FixC(P )| ≥ 3, a contradiction.
Step 5. Cases 1, 2, 4, 6, 7, 11, 27, 32, 47 and 65 can not occur.
For each Case, we have that k > 2x + 3
2
+
√
4x− 7
4
. If the partition is G-normal, by
Lemma 3.7, then c is a prime power, a contradiction. So GC ∼= G is quasiprimitive and
almost simple.
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For Cases 1, 2, 4, 7, 11, 32, 47 and 65, since lcm(b, v) | |G|, then G ≥ Ad, but in
each Case, tmax = 1 or 2, contradicting Lemma 3.2. For Case 6, we have δ = 1, by
Lemma 3.3, GC is 2-transitive. Then by [4], we can find that GC ≥ A8090 or PSL(2, 8089).
Furthermore, b | |G|, so GC ≥ A8090, as a result, the prime 8087 | |G|, this contradicts Lemma
3.1. ForCase 27, since tmax = 2, then Soc(G
C) = PSL(5, 5), it follows that GC = G
C
C =
54.GL(4, 5). However, from Soc(GC) = PSL(4, 3),PSU(4, 2) or A40, we have 3
3 | |GC |, this
is a contradiction.
Step 6. Cases 35, 51, 56, 69 and 97 can not occur.
(1) The partition of each Case is G-normal. Otherwise, GC ∼= G is an almost simple
primitive group of degree d, then [v, b] | |GC|, there is no such group in Case 35, 56 or 97.
Now G ≥ A103 in Case 51, but here tmax is 2, a contradiction. So the partition is G-normal
relative to K.
(2) Since x < 8 and C is G-normal in Case 51, it is ruled out by [19, Theorem 1.6]. For
Case 69, we have that k > 2x + 3
2
+
√
4x− 7
4
. By Lemma 3.7, K = Z103 is semiregular,
and Y ∩ K = K = S,G/Y ≤ Aut(S) = Z102. Since 52 | |G|, but 52 ∤ 102, thus 52 | |Y |,
hence Y C 6= 1. Therefore, by Lemma 3.8, there exists a subgroup M of G, such that
S < M ≤ Y,M/S ∼= MC, and M = T × S. By [13, Table B.4], Soc(GC) = PSL(3, 3).2
or A52. Also we have that (c, d) = 1 and by [18, Theorem 5.1.4], the Schur multiplier of
PSL(3, 3), A52 has no section isomorphic to S, so either T is transitive on P or T induces a
new partition of P with 103 parts of size 52. The latter case can not occur because there is
no corresponding Case with (d, c) = (52, 103) in Table 2. Thus T is transitive on P, and
v | |T |, a contradiction. Cases 35 and 56 can be ruled out by the similar method.
For Case 97, if K is not semiegular, by [19, Corollary 4.2] and [19, Lemma 5.1], we have
that
1 +
r
k
d1(d1 − 1) ≤ |FixP(Kα)| ≤ d,
a contradiction.Thus K is semiregular. Since K✂GC , then K is the unique soluble minimal
regular normal subgroup of primitive group GC , hence K = Z257, and Y ∩ K = K =
S,G/Y ≤ Aut(S) = Z256. Since 13 | |GC|, 13 ∤ |G/Y |, so Y C 6= 1. By Lemma 3.8, there
exists a normal subgroup M of G, such that S < M ≤ Y,M/S ∼= MC, M = T × S, by
[13, Tble B.4], Soc(GC) = A65, PSL(2, 2
6), PSL(2, 52), PSU(3, 22) or Sz(23), the condition of
Lemma 3.8 holds by [18, Theorem 5.1.4], therefore either T is transitive on P or T induces
a G-normal partition of P with 257 parts of size 40. The latter case can not occur because
there is no corresponding Case. Thus T is transitive on P, and v | |T |, which is impossible.
Step 7. Cases 85 and 101 can not occur.
Case 101: Since δ = 1, then GC is 2-transitive, hence Soc(GC) = PSL(4, 3) or A40. If G ∼=
GC, then 71||GC|, a contradiction. So the partition is G-normal. Suppose K is semiregular,
then c must be a prime power, this contradiction leads to that K is not semiregular. By [19,
Prop. 4.3],
d1 ≤ 1
2
+
√
2k − 7
4
.
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So in this Case the intersection type must be (210, 310, 410), i.e., d1 = 0. Now by [19, Prop.
5.2(c)], Case 101 is ruled out.
Case 85: It can be ruled out by the similar method of Case 101.
This complete the proof of Proposition 6.1. 
Corollary 6.2 Let S be a non-trivial finite linear space with the Fang-Li parameter k(r) is
9. If GC ≤ Aut(S) is line-transitive, then G is point-primitive.
Proof of Theorem 1.1 This follows from Propositions 5.1 and 6.1. 
References
[1] A. Betten, A. Delandtsheer, M. Law, A. C. Niemeyer, C. E. Praeger, and S. L. Zhou, Lin-
ear spaces with a line-transitive point-imprimitive automorphism group and fang-li pa-
rameter gcd(k, r) at most eight. (available at http://arxiv.org/abs/math.CO/0701629).
[2] A. Betten, A. Delandtsheer, M. Law, A. C. Niemeyer, C. E. Praeger, and S. L. Zhou,
Finite line-transitive linear spaces: theory and search strategies, Acta Mathematica
Sinica, English Series, 25(9): 1399-1436, 2009.
[3] A. R. Block, On the orbits of collineation groups, Math. Z., 96: 33-49, 1967.
[4] P. J. Cameron. Finite permutation groups and finite simple groups. Bull. London Math.
Soc., 13(1): 1-22, 1981.
[5] A. R. Camina and S. Mishcke, Line-transitive automorphism groups of linear spaces,
Electron. J. Combin. 3(1): Research Paper 3, 16 pp. (electronic), 1996.
[6] A. R. Camina and J. Siemons, Block transitive automorphism groups of 2 − (v, k, 1)
block designs, J. Combin. Theory Ser. A, 51(2): 268-276, 1989.
[7] A. R. Camina and C. E. Praeger, Line-transitive, point quasiprimitive automorphism
groups of finite linear spaces are affine or almost simple, Aequationes Math.,61(3):221-
232, 2001.
[8] H. J. Coutts, M. Quick, and C. M. Roney-Dougal, The primitive permutation groups
of degree less than 4096, Comm. Algebra, 39(10), 3526-3546, 2011.
[9] G. Cresp, Serching for line-transitive, point-imprimitive linear spaces, Honours
Dissertation, The Uninversity of Westen Australia, Perth, 2001. (available at
http://arxiv.org/abs/math.CO/0604532).
[10] A. Delandtsheer, Line-primitive automorphism groups of finite linear spaces, European
J. Combin., 10(2): 161-169, 1989.
12
[11] A. Delandtsheer and J. Doyen, Most block-transitive t-designs are point-primitive,
Geom. Dedicata, 29(3):307-310, 1989.
[12] A. Delandtsheer, A. C. Niemeyer, and C. E. Praeger, Finite line-transitive linear spaces:
parameters and normal point-partitions, Adv. Geom., 3(4): 469-485, 2003.
[13] J. D. Dixon and B. Mortimer, Permutation groups, Graduate Texts in Mathematics,
No.163, Springer-Verlag, New York, 1996.
[14] The GAP Group, GAP – Groups, Algorithms, and Programming, Version 4.4 ; 2005,
(\protect\vrule width0pt\protect\href{http://www.gap-system.org}{http://www.gap-system.org}).
[15] W. D. Fang and H. L. Li, A generalization of the Camina-Gagen theorem, J. Math.
(Wuhan)13(4): 437-442, 1993. (in Chinese).
[16] H. L. Li and W.J. Liu, Line-primitive 2-(v, k, 1) desgins with k/(k, v) ≤ 10, J. Combin.
Theroy Ser. A, 93, 153-167, 2001.
[17] M. W. Liebeck and J. Saxl, Primitive permutation groups containing an element of large
prime order, J. London Math. Soc. (2), 31(2):237-249, 1985.
[18] P. Kleidman and M. Liebeck, The subgroup structure of the finite classical groups, Lon-
don Mathematical Society Lecture Note Series, vol.129, Cambiridge University Press,
Combridge, 1990.
[19] C. E. Praeger and N. D. Tuan, Inequalities involving the Delandtsheer-Doyen parame-
ters for finite line-transitive linear spaces, J. Combin. Theory Ser.A, 102(1): 268-276,
2003.
[20] C. E. Praeger and S. L. Zhou, Classification of line-transitive point-imprimitive linear
spaces with line size at most 12, Designs, Codes and Crypt., 47: 99-111, 2008.
[21] C. M. Roney-Donyal, The primitive permutation groups of degree less than 2500, J
Algebra, 292: 154-183, 2000.
[22] H. Wielandt, Finite permutation groups, Academic Press, New York, 1964.
13
7 Appendix
Table 1: Potential parameter sequences for k(r) = 10
Line Case d · c (x, y) (γ, δ) k(v) · k(r) b(v) · b(r) int type tmax Reference
1 1 7 · 13 (6, 3) (12, 6) 1 · 10 91 · 1 (1, 23, 3) 1 PG(2, 9), [20]
2 7 · 13 (6, 3) (12, 6) 1 · 10 91 · 1 (14, 32) 1
3 7 · 13 (6, 3) (12, 6) 1 · 10 91 · 1 (16, 4) 7
4 2 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (36, 62) 2 (B, 127)
5 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (29, 3, 9) 2
6 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (13, 43, 53) 2
7 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (13, 23, 53, 6) 2
8 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (13, 26, 32, 9) 2
9 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (16, 43, 62) 2
10 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (16, 3, 53, 6) 2
11 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (16, 23, 63) 2
12 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (16, 23, 33, 9) 2
13 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (19, 3, 63) 2
14 9 · 129 (48, 3) (32, 2) 3 · 10 387 · 4 (19, 34, 9) 2
15 3 11 · 41 (4, 1) (8, 2) 1 · 10 451 · 5 (12, 24) 2 non-existence, [9]
16 11 · 41 (4, 1) (8, 2) 1 · 10 451 · 5 (15, 2, 3) 2
17 4 13 · 7 (3, 6) (6, 12) 10 · 1 91 · 1 (14, 23) 1 PG(2, 9), [20]
18 13 · 7 (3, 6) (6, 12) 10 · 1 91 · 1 (17, 3) 1
19 5 41 · 11 (1, 4) (2, 8) 1 · 10 451 · 5 (18, 2) 2 non-existence, [9]
20 6 49 · 169 (49, 14) (14, 4) 7 · 10 1183 · 12 (114, 27, 314) 1 KSXY
21 49 · 169 (49, 14) (14, 4) 7 · 10 1183 · 12 (128, 27, 47) 1
22 7 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (118, 236) 2 (T, 109)
23 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (127, 227, 33) 2
24 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (136, 218, 36) 2
25 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (145, 29, 39) 2
26 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (154, 312) 2
27 111 · 441 (36, 9) (8, 2) 9 · 10 5439 · 55 (181, 91) 2
28 8 129 · 9 (3, 48) (2, 32) 3 · 10 387 · 4 (124, 23) 1 (T, 127)
29 129 · 9 (3, 48) (2, 32) 3 · 10 387 · 4 (127, 3) 1
30 9 169 · 49 (14, 49) (4, 14) 7 · 10 1183 · 12 (142, 214) 2 KSXY
31 10 441 · 111 (9, 36) (2, 8) 9 · 10 5439 · 55 (172, 29) 2 (B, 109)
32 441 · 111 (9, 36) (2, 8) 9 · 10 5439 · 55 (181, 33) 1
33 11 1937 · 243 (39, 312) (2, 16) 39 · 10 12069 · 121 (1312, 939) 1 (T, 1933)
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Table 2: Potential parameter sequences for k(r) = 9
Line Case d · c (x, y) (γ, δ) k(v) · k(r) b(v) · b(r) int type tmax Reference
1 1 152 · 152 (1, 1) (1, 1) 2 · 9 11552 · 151 (116, 2) 2 Step 5
2 2 314 · 314 (2, 2) (1, 1) 4 · 9 24649 · 313 (132, 22) 2 Step 5
3 3 800 · 800 (5, 5) (1, 1) 10 · 9 64000 · 799 (180, 25) 2 (T,797)
4 800 · 800 (5, 5) (1, 1) 10 · 9 64000 · 799 (183, 22, 3) 2
5 4 1610 · 1610 (10, 10) (1, 1) 20 · 9 129605 · 1609 (1160, 210) 2 Step 5
6 1610 · 1610 (10, 10) (1, 1) 20 · 9 129605 · 1609 (1166, 24, 32) 2
7 5 4040 · 4040 (25, 25) (1, 1) 50 · 9 326432 · 4039 (1400, 225) 2 (δ, tmax)
8 4040 · 4040 (25, 25) (1, 1) 50 · 9 326432 · 4039 (1415, 210, 35) 2
9 6 8090 · 8090 (50, 50) (1, 1) 100 · 9 654481 · 8089 (1800, 250) 2 8087
10 8090 · 8090 (50, 50) (1, 1) 100 · 9 654481 · 8089 (1830, 220, 310) 2
11 7 151 · 76 (1, 2) (1, 2) 2 · 9 5738 · 75 (116, 2) 2 Step 5
12 8 799 · 400 (5, 10) (1, 2) 10 · 9 31960 · 399 (180, 25) 2 (T, 797)
13 799 · 400 (5, 10) (1, 2) 10 · 9 31960 · 399 (183, 22, 3) 2
14 9 1771 · 886 (11, 22) (1, 2) 22 · 9 71323 · 885 (1176, 211) 2 (B,883)
15 10 8899 · 4450 (55, 110) (1, 2) 110 · 9 360005 · 4449 (1880, 255) 2 (B,4447)
16 8899 · 4450 (55, 110) (1, 2) 110 · 9 360005 · 4449 (1913, 222, 311) 2
17 11 149 · 38 (1, 4) (1, 4) 2 · 9 2831 · 37 (116, 2) 2 Step 5
18 12 797 · 200 (5, 20) (1, 4) 10 · 9 15940 · 199 (180, 25) 2 199
19 797 · 200 (5, 20) (1, 4) 10 · 9 15940 · 199 (183, 22, 3) 2
20 13 2093 · 524 (13, 52) (1, 4) 26 · 9 42182 · 523 (1208, 213) 2 (B,523)
21 14 10517 · 2630 (65, 260) (1, 4) 130 · 9 212767 · 2629 (11040, 265) 2 2621
22 15 796 · 160 (5, 25) (1, 5) 10 · 9 12736 · 159 (180, 25) 2 (B, 157)
23 16 1604 · 230 (10, 70) (1, 7) 20 · 9 18446 · 229 (1160, 210) 1 (T, 1601)
24 17 12944 · 1850 (80, 560) (1, 7) 160 · 9 149665 · 1849 (11280, 280) 1 1847
25 18 793 · 100 (5, 40) (1, 8) 10 · 9 7930 · 99 (180, 25) 2 (T,787)
26 19 13753 · 1720 (85, 680) (1, 8) 170 · 9 139148 · 1719 (11360, 285) 2 (B,1709)
27 20 791 · 80 (5, 50) (1, 10) 10 · 9 6328 · 79 (180, 25) 2 (T, 787)
28 21 628 · 58 (4, 44) (1, 11) 8 · 9 4553 · 57 (164, 24) 1 (T,619)
29 22 17798 · 1370 (110, 1430) (1, 13) 220 · 9 110833 · 1369 (11760, 2110) 1 1367,809
30 23 18607 · 1330 (115, 1610) (1, 14) 230 · 9 107597 · 1329 (11840, 2115) 2 1327
31 24 785 · 50 (5, 80) (1, 16) 10 · 9 3925 · 49 (180, 25) 1 (T, 787)
32 25 134 · 8 (1, 19) (1, 19) 2 · 9 536 · 7 (116, 2) 1 (T, 131)
33 26 3212 · 170 (20, 380) (1, 19) 40 · 9 13651 · 169 (1320, 220) 1 (T, 3209)
34 27 781 · 40 (5, 100) (1, 20) 10 · 9 3124 · 39 (180, 25) 2 33
35 28 1588 · 70 (10, 230) (1, 23) 20 · 9 5558 · 69 (1160, 210) 1 (T, 1583)
36 29 28315 · 1090 (175, 4550) (1, 26) 350 · 9 88181 · 1089 (12800, 2175) 1 1087
37 30 29933 · 1070 (185, 5180) (1, 28) 370 · 9 86563 · 1069 (12960, 2185) 1 1063
38 31 115 · 4 (1, 38) (1, 38) 2 · 9 230 · 3 (116, 2) 1 (T, 113)
39 32 761 · 20 (5, 200) (1, 40) 10 · 9 1522 · 19 (180, 25) 2 Step 5
40 33 49349 · 950 (305, 15860) (1, 52) 610 · 9 76855 · 949 (14880, 2305) 1 947
41 34 52585 · 940 (325, 18200) (1, 56) 650 · 9 76046 · 939 (15200, 2325) 1 937
42 35 76 · 151 (2, 1) (2, 1) 2 · 9 5738 · 75 (114, 22) 2 KSXY
43 36 400 · 799 (10, 5) (2, 1) 10 · 9 31960 · 399 (170, 210) 2 (B, 797)
44 37 886 · 1771 (22, 11) (2, 1) 22 · 9 71323 · 885 (1154, 222) 2 (T, 883)
45 38 4450 · 8899 (110, 55) (2, 1) 110 · 9 360005 · 4449 (1770, 2110) 2 (δ, tmax)
46 39 35 · 35 (1, 1) (2, 2) 1 · 9 1225 · 17 (17, 2) 2 k < 12
47 40 4895 · 4895 (121, 121) (2, 2) 121 · 9 198025 · 2447 (1847, 2121) 2 (δ, tmax)
48 41 5785 · 2893 (143, 286) (2, 4) 143 · 9 117035 · 1446 (11001, 2143) 1 (B,2887)
49 42 7120 · 2035 (176, 616) (2, 7) 176 · 9 82325 · 1017 (11232, 2176) 2 (B,2029)
50 43 31 · 7 (1, 5) (2, 10) 1 · 9 217 · 3 (17, 2) 1 k < 12
51 44 9790 · 1507 (242, 1573) (2, 13) 242 · 9 60965 · 753 (11694, 2242) 1 1499
52 45 29 · 5 (1, 7) (2, 14) 1 · 9 145 · 2 (17, 2) 2 k < 12
53 46 10235 · 1463 (253, 1771) (2, 14) 253 · 9 59185 · 731 (11771, 2253) 2 1599
54 47 433 · 55 (11, 88) (2, 16) 11 · 9 2165 · 27 (177, 211) 1 Step 5
55 48 1768 · 187 (44, 418) (2, 19) 44 · 9 7514 · 93 (1308, 244) 1 (T, 1759)
56 49 15575 · 1199 (385, 5005) (2, 26) 385 · 9 48505 · 599 (12695, 2385) 1 1193
57 50 16465 · 1177 (407, 5698) (2, 28) 407 · 9 47615 · 588 (12849, 2407) 1 1171
58 51 103 · 52 (6, 12) (3, 6) 4 · 9 1339 · 17 (124, 26) 2 x < 8
59 52 535 · 268 (30, 60) (3, 6) 20 · 9 7169 · 89 (1120, 230) 2 (B, 263)
60 53 46 · 10 (3, 15) (3, 15) 2 · 9 230 · 3 (112, 23) 2 (T,43)
61 54 856 · 172 (48, 240) (3, 15) 32 · 9 4601 · 57 (1192, 248) 1 (T, 853)
62 856 · 172 (48, 240) (3, 15) 32 · 9 4601 · 57 (1256, 48) 1
63 55 1177 · 148 (66, 528) (3, 24) 44 · 9 3959 · 49 (1264, 266) 1 (T, 1171)
64 1177 · 148 (66, 528) (3, 24) 44 · 9 3959 · 49 (1352, 411) 1
65 56 38 · 149 (4, 1) (4, 1) 2 · 9 2831 · 37 (110, 24) 2 KSXY
66 57 200 · 797 (20, 5) (4, 1) 10 · 9 15940 · 199 (150, 220) 2 (T, 119)
67 58 524 · 2093 (52, 13) (4, 1) 26 · 9 42182 · 523 (1130, 252) 2 (T, 523)
68 59 2630 · 10517 (260, 65) (4, 1) 130 · 9 212767 · 2629 (1650, 2260) 2 (δ, tmax)
69 60 2893 · 5785 (286, 143) (4, 2) 143 · 9 117035 · 1446 (1715, 2286) 2 (T, 288)
70 61 17 · 17 (2, 2) (4, 4) 1 · 9 289 · 4 (15, 22) 1 k < 12
71 62 4208 · 2405 (416, 728) (4, 7) 208 · 9 48655 · 601 (11040, 2416) 1 (B, 2399)
72 63 5786 · 1781 (572, 1859) (4, 13) 286 · 9 36031 · 445 (11430, 2572) 2 1777
73 64 6049 · 1729 (598, 2093) (4, 14) 299 · 9 34979 · 432 (11495, 2598) 2 1723
74 65 257 · 65 (26, 104) (4, 16) 13 · 9 1285 · 16 (165, 226) 1 Step 5
continued on next page
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Line Case d · c (x, y) (γ, δ) k(v) · k(r) b(v) · b(r) int type tmax Reference
75 66 160 · 796 (25, 5) (5, 1) 10 · 9 12736 · 159 (140, 225) 2 (T, 157)
76 67 320 · 146 (50, 110) (5, 11) 20 · 9 2336 · 29 (180, 250) 1 (T, 317)
77 68 352 · 136 (55, 143) (5, 13) 22 · 9 2176 · 27 (188, 255) 1 (T, 349)
78 69 52 · 103 (12, 6) (6, 3) 4 · 9 1339 · 17 (112, 212) 2 KSXY
79 52 · 103 (12, 6) (6, 3) 4 · 9 1339 · 17 (124, 34) 2
80 70 268 · 535 (60, 30) (6, 3) 20 · 9 7169 · 89 (160, 260) 2 (T, 263)
81 268 · 535 (60, 30) (6, 3) 20 · 9 7169 · 89 (1120, 320) 1
82 268 · 535 (60, 30) (6, 3) 20 · 9 7169 · 89 (1120, 220, 54) 1
83 71 469 · 235 (105, 210) (6, 12) 35 · 9 3149 · 39 (1105, 2105) 1 (T, 467)
84 469 · 235 (105, 210) (6, 12) 35 · 9 3149 · 39 (1210, 335) 1
85 469 · 235 (105, 210) (6, 12) 35 · 9 3149 · 39 (1210, 235, 57) 1
86 72 230 · 1604 (70, 10) (7, 1) 20 · 9 18446 · 229 (140, 270) 2 B,1601)
87 230 · 1604 (70, 10) (7, 1) 20 · 9 18446 · 229 (180, 240, 45) 2
88 230 · 1604 (70, 10) (7, 1) 20 · 9 18446 · 229 (1100, 210, 320) 2
89 230 · 1604 (70, 10) (7, 1) 20 · 9 18446 · 229 (1120, 210, 410) 2
90 73 1850 · 12944 (560, 80) (7, 1) 160 · 9 149665 · 1849 (1320, 2560) 2 (δ, tmax)
91 1850 · 12944 (560, 80) (7, 1) 160 · 9 149665 · 1849 (1640, 2320, 440) 2
92 1850 · 12944 (560, 80) (7, 1) 160 · 9 149665 · 1849 (1800, 280, 3160) 2
93 1850 · 12944 (560, 80) (7, 1) 160 · 9 149665 · 1849 (1960, 280, 480) 2
94 1850 · 12944 (560, 80) (7, 1) 160 · 9 149665 · 1849 (11280, 820) 2
95 74 2035 · 7120 (616, 176) (7, 2) 176 · 9 82325 · 1017 (1352, 2616) 2 (T, 2029)
96 2035 · 7120 (616, 176) (7, 2) 176 · 9 82325 · 1017 (1704, 2352, 444) 2
97 2035 · 7120 (616, 176) (7, 2) 176 · 9 82325 · 1017 (1880, 288, 3176) 2
98 2035 · 7120 (616, 176) (7, 2) 176 · 9 82325 · 1017 (11056, 288, 488) 2
99 2035 · 7120 (616, 176) (7, 2) 176 · 9 82325 · 1017 (11408, 822) 2
100 75 2405 · 4208 (728, 416) (7, 4) 208 · 9 48655 · 601 (1416, 2728) 2 (T, 2399)
101 2405 · 4208 (728, 416) (7, 4) 208 · 9 48655 · 601 (11040, 2104, 3208) 2
103 2405 · 4208 (728, 416) (7, 4) 208 · 9 48655 · 601 (11248, 2104, 4104) 2
104 2405 · 4208 (728, 416) (7, 4) 208 · 9 48655 · 601 (11664, 826) 1
105 76 3145 · 2752 (952, 1088) (7, 8) 272 · 9 31820 · 393 (1544, 2952) 2 (T, 3137)
106 3145 · 2752 (952, 1088) (7, 8) 272 · 9 31820 · 393 (11088, 2544, 468) 2
107 3145 · 2752 (952, 1088) (7, 8) 272 · 9 31820 · 393 (11360, 2136, 3272) 2
108 3145 · 2752 (952, 1088) (7, 8) 272 · 9 31820 · 393 (11632, 2136, 4136) 2
109 3145 · 2752 (952, 1088) (7, 8) 272 · 9 31820 · 393 (12176, 834) 2
110 77 100 · 793 (40, 5) (8, 1) 10 · 9 7930 · 99 (110, 240) 2 (B,787)
111 100 · 793 (40, 5) (8, 1) 10 · 9 7930 · 99 (140, 210 , 310) 2
112 78 1720 · 13753 (680, 85) (8, 1) 170 · 9 139148 · 1719 (1170, 2680) 2 (T, 1709)
113 1720 · 13753 (680, 85) (8, 1) 170 · 9 139148 · 1719 (1680, 2170, 3170) 2
114 79 2752 · 3145 (1088, 952) (8, 7) 272 · 9 31820 · 393 (1272, 21088) 1 (B, 3137)
115 2752 · 3145 (1088, 952) (8, 7) 272 · 9 31820 · 393 (11088, 2272, 3272) 1
116 80 80 · 791 (50, 5) (10, 1) 10 · 9 6328 · 79 (120, 220, 310) 2 (B, 787)
117 81 7 · 31 (5, 1) (10, 2) 1 · 9 217 · 3 (12, 22, 3) 2 k < 12
118 82 58 · 628 (44, 4) (11, 1) 8 · 9 4553 · 57 (232, 42) 2 (B, 619)
119 58 · 628 (44, 4) (11, 1) 8 · 9 4553 · 57 (18, 220, 38) 2
120 58 · 628 (44, 4) (11, 1) 8 · 9 4553 · 57 (116, 220, 44) 2
121 58 · 628 (44, 4) (11, 1) 8 · 9 4553 · 57 (124, 28, 38, 42) 2
122 58 · 628 (44, 4) (11, 1) 8 · 9 4553 · 57 (132, 28, 46) 2
123 83 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (280, 45) 2 (B,317)
124 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (120, 250, 320) 2
125 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (120, 270, 54) 1
126 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (140, 250, 410) 2
127 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (160, 220, 320, 45) 2
128 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (160, 240, 45, 54) 1
129 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (180, 210, 320, 54) 1
130 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (180, 220, 415) 2
131 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (180, 230, 58) 1
132 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (1100, 210, 410, 54) 1
133 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (1120, 45, 58) 1
134 146 · 320 (110, 50) (11, 5) 20 · 9 2336 · 29 (1120, 220, 102) 1
135 84 235 · 469 (210, 105) (12, 6) 35 · 9 3149 · 39 (2105, 335) 1 (B, 467)
136 235 · 469 (210, 105) (12, 6) 35 · 9 3149 · 39 (170, 2105 , 75) 1
137 235 · 469 (210, 105) (12, 6) 35 · 9 3149 · 39 (1105, 370) 2
138 235 · 469 (210, 105) (12, 6) 35 · 9 3149 · 39 (1175, 435) 1
139 235 · 469 (210, 105) (12, 6) 35 · 9 3149 · 39 (1175, 335, 75) 1
140 85 1370 · 17798 (1430, 110) (13, 1) 220 · 9 110833 · 1369 (2770, 4110) 2 STEP 7
141 1370 · 17798 (1430, 110) (13, 1) 220 · 9 110833 · 1369 (1440, 2110, 3440) 2
142 1370 · 17798 (1430, 110) (13, 1) 220 · 9 110833 · 1369 (1660, 2110, 3220, 4110) 2
143 1370 · 17798 (1430, 110) (13, 1) 220 · 9 110833 · 1369 (1880, 2110, 4220) 2
144 1370 · 17798 (1430, 110) (13, 1) 220 · 9 110833 · 1369 (11100, 2330, 1120) 2
145 86 1507 · 9790 (1573, 242) (13, 2) 242 · 9 60965 · 753 (2847, 4121) 2 (T, tmax)
146 1507 · 9790 (1573, 242) (13, 2) 242 · 9 60965 · 753 (1484, 2121, 3484) 2
147 1507 · 9790 (1573, 242) (13, 2) 242 · 9 60965 · 753 (1726, 2121, 3242, 4121) 2
148 1507 · 9790 (1573, 242) (13, 2) 242 · 9 60965 · 753 (1968, 2121, 4242) 2
149 1507 · 9790 (1573, 242) (13, 2) 242 · 9 60965 · 753 (11210, 2363, 1122) 2
150 87 1781 · 5786 (1859, 572) (13, 4) 286 · 9 36031 · 445 (21001, 4143) 1 (T, tmax)
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151 1781 · 5786 (1859, 572) (13, 4) 286 · 9 36031 · 445 (1572, 2143, 3572) 1
152 1781 · 5786 (1859, 572) (13, 4) 286 · 9 36031 · 445 (1858, 2143, 3286 , 4143) 1
153 1781 · 5786 (1859, 572) (13, 4) 286 · 9 36031 · 445 (11144, 2143, 4286) 1
154 1781 · 5786 (1859, 572) (13, 4) 286 · 9 36031 · 445 (11430, 2429, 1126) 1
155 88 136 · 352 (143, 55) (13, 5) 22 · 9 2176 · 27 (277, 411) 1 (B,349)
156 136 · 352 (143, 55) (13, 5) 22 · 9 2176 · 27 (144, 211, 344) 1
157 136 · 352 (143, 55) (13, 5) 22 · 9 2176 · 27 (166, 211, 322, 411) 1
158 136 · 352 (143, 55) (13, 5) 22 · 9 2176 · 27 (188, 211, 422) 1
159 136 · 352 (143, 55) (13, 5) 22 · 9 2176 · 27 (1110, 233, 112) 1
160 89 1330 · 18607 (1610, 115) (14, 1) 230 · 9 107597 · 1329 (1230, 2230, 3460) 2 (T, tmax)
161 1330 · 18607 (1610, 115) (14, 1) 230 · 9 107597 · 1329 (1690, 2230, 4230) 2
162 90 5 · 29 (7, 1) (14, 2) 1 · 9 145 · 2 (1, 2, 32) 2 k < 12
163 5 · 29 (7, 1) (14, 2) 1 · 9 145 · 2 (13, 2, 4) 2
164 91 1463 · 10235 (1771, 253) (14, 2) 253 · 9 59185 · 731 (1253, 2253, 3506) 2 (δ, tmax)
165 1463 · 10235 (1771, 253) (14, 2) 253 · 9 59185 · 731 (1759, 2253, 4253) 2
166 92 1729 · 6049 (2093, 598) (14, 4) 299 · 9 34979 · 432 (1299, 2299, 3598) 1 (T, tmax)
167 1729 · 6049 (2093, 598) (14, 4) 299 · 9 34979 · 432 (1897, 2299, 4299) 1
168 93 10 · 46 (15, 3) (15, 3) 2 · 9 230 · 3 (23, 34) 2 (B, 43)
169 10 · 46 (15, 3) (15, 3) 2 · 9 230 · 3 (12, 23, 32, 4) 1
170 10 · 46 (15, 3) (15, 3) 2 · 9 230 · 3 (14, 23, 42) 1
171 94 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (248, 364) 2 (B, 853)
172 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (296, 424) 2
173 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (2128, 84) 1
174 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (132, 248, 332, 416) 1
175 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (164, 364, 48) 1
176 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (164, 248, 432) 1
177 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (164, 280, 48, 84) 1
178 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (196, 332, 424) 1
179 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (196, 232, 332, 84) 1
180 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (1128, 440) 1
181 172 · 856 (240, 48) (15, 3) 32 · 9 4601 · 57 (1128, 232, 416, 84) 1
182 95 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (110, 220, 410) 2 (B, 773)
183 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (120, 320, 52) 2
184 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (120, 210, 310, 54) 2
185 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (120, 220, 56) 2
186 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (140, 410, 52) 2
187 50 · 785 (80, 5) (16, 1) 10 · 9 3925 · 49 (150, 58) 2
188 96 55 · 433 (88, 11) (16, 2) 11 · 9 2165 · 27 (111, 222, 411) 2 (δ, tmax)
189 97 65 · 257 (104, 26) (16, 4) 13 · 9 1285 · 16 (113, 226, 413) 1 KSXY
190 98 8 · 134 (19, 1) (19, 1) 2 · 9 536 · 7 (2, 34, 4) 3 (B, 131)
191 8 · 134 (19, 1) (19, 1) 2 · 9 536 · 7 (12, 2, 32, 42) 3
192 8 · 134 (19, 1) (19, 1) 2 · 9 536 · 7 (14, 2, 43) 3
193 8 · 134 (19, 1) (19, 1) 2 · 9 536 · 7 (14, 24, 6) 3
194 99 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (220, 380, 420) 2 (B, 3209)
195 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (280, 450) 2
196 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (140, 220, 340, 440) 2
197 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (180, 220, 460) 2
198 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (180, 280, 620) 2
199 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (180, 2100 , 810) 2
200 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (1160, 220, 410, 620) 2
201 170 · 3212 (380, 20) (19, 1) 40 · 9 13651 · 169 (1160, 240, 410, 810) 2
202 100 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (222, 388, 422) 2 (B, 1759)
203 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (288, 455) 2
204 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (144, 222, 344, 444) 2
205 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (188, 222, 466) 2
206 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (188, 288, 622) 2
207 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (188, 2110 , 811) 2
208 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (1176, 222, 411, 622) 2
209 187 · 1768 (418, 44) (19, 2) 44 · 9 7514 · 93 (1176, 244, 411, 811) 2
210 101 40 · 781 (100, 5) (20, 1) 10 · 9 3124 · 39 (210, 310, 410) 2 STEP 7
211 40 · 781 (100, 5) (20, 1) 10 · 9 3124 · 39 (140, 510) 2
212 102 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (220, 435) 2 (B, 1583)
213 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (250, 45, 610) 2
214 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (260, 45, 85) 2
215 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (120, 220, 320, 610) 2
216 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (120, 230, 520) 2
217 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (120, 230, 320, 85) 2
218 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (140, 220, 410, 610) 2
219 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (140, 230, 410, 85) 2
220 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (160, 45, 520) 2
221 70 · 1588 (230, 10) (23, 1) 20 · 9 5558 · 69 (160, 320, 45, 85) 2
222 103 148 · 1177 (528, 66) (24, 3) 44 · 9 3959 · 49 (244, 388, 114) 1 (B, 1171)
223 148 · 1177 (528, 66) (24, 3) 44 · 9 3959 · 49 (288, 544) 1
224 148 · 1177 (528, 66) (24, 3) 44 · 9 3959 · 49 (144, 488) 1
225 148 · 1177 (528, 66) (24, 3) 44 · 9 3959 · 49 (188, 244, 444, 114) 1
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226 148 · 1177 (528, 66) (24, 3) 44 · 9 3959 · 49 (1132, 288, 118) 1
227 104 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (3350, 4350, 5140) 2 (T, tmax)
228 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (3700, 5140, 750) 2
229 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (2350, 4350, 5210) 2
230 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (2350, 3350, 5210 , 750) 2
231 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (2700, 5280, 750) 2
232 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1350, 3350, 5350) 2
233 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1350, 2350, 5420) 2
234 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1350, 2350, 4350 , 7100) 2
235 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1350, 2350, 3350 , 7150) 2
236 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1350, 2700, 570, 7150) 2
237 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1700, 4350, 5140 , 750) 2
238 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1700, 3350, 5140 , 7100) 2
239 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1700, 2350, 5210 , 7100) 2
240 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1700, 2350, 3350 , 1070) 2
241 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (1700, 2700, 570, 1070) 2
242 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (11050, 5350, 750) 2
243 1090 · 28315 (4550, 175) (26, 1) 350 · 9 88181 · 1089 (11050, 2350, 7200) 2
244 105 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (3385, 4385, 5154) 2 (T , tmax)
245 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (3770, 5154, 755) 2
246 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (2385, 4385, 5231) 2
247 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (2385, 3385, 5231 , 755) 2
248 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (2770, 5308, 755) 2
249 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1385, 3385, 5385) 2
250 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1385, 2385, 5462) 2
251 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1385, 2385, 4385 , 7110) 2
252 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1385, 2385, 3385 , 7165) 2
253 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1385, 2770, 577, 7165) 2
254 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1770, 4385, 5154 , 755) 2
255 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1770, 3385, 5154 , 7110) 2
256 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1770, 2385, 5231 , 7110) 2
257 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1770, 2385, 3385 , 1077) 2
258 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (1770, 2770, 577, 1077) 2
259 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (11155, 5385, 755) 2
260 1199 · 15575 (5005, 385) (26, 2) 385 · 9 48505 · 599 (11155, 2385, 7220) 2
261 106 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (5650, 10260) 2 (δ, tmax)
262 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (4650, 5260, 13150) 2
263 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (3650, 5260, 10130, 13100) 2
264 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (2650, 5390, 10130, 13100) 2
265 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (2650, 4650, 15130) 2
266 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (2650, 3650, 13200) 2
267 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (1650, 8650) 2
268 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (1650, 5650, 13150) 2
269 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (1650, 3650, 5260 , 15130) 2
270 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (1650, 2650, 10390) 2
271 940 · 52585 (18200, 325) (56, 1) 650 · 9 76046 · 939 (1650, 2650, 5390 , 15130) 2
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